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H. 

^ , ABSTRACT. A notion of generaUzed highest weight modules over the high rank Virasoro algebras 

,J^ ' is introduced in this paper, and a theorem, which was originally given as a conjecture by Kac over the 



Virasoro algebra, is generalized. Mainly, we prove that a simple Harish-Chandra module over a high 
rank Virasoro algebra is either a generalized highest weight module, or a module of the intermediate 
series. 
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C^ ' §1. Introduction 

a 

^ ' The Virasoro algebra Vir, closely related to Kac-Moody algebras [5,6], is of interest to both 

mathematicians and physicists (see, e.g., [2,3,4,8,12]). This is partly due to its relevance to string 
theories [12] and 2-dimensional conformal field theories [3] . As the universal central extension of an 
infinite dimensional complex Lie algebra of the linear differential operators {i*^^^ I i G ^}, Vir can 
be realized by taking a basis {Li, c | i € Z} with the following commutation relations: 

[Li, Lj] = (j - i)Li+j + 4?^i,-iC, . . ^ ^ ,, ,. 

I, J e z. (1.1) 

[Li,c] = [c,c] = 0, 

For an n-dimensional .^-submodule M = Mn of (C , the rank n Virasoro algebra Vjr[M] (also 
called a high rank Virasoro algebra when n > 2), a notion generalized from that of the Virasoro 



algebra and introduced in [11], is defined as the complex Lie algebra with basis {L^,c \ /x G M} and 
the commutation relations 

IJ-,1^ £ M. (1.2) 

[L^,c] = [c,c\ =0, 

By this definition, it can be proved directly that for any two ^-modules M, M' C (C , 

Vir[M] ^ Vir[M'] ^ M = aM' for some nonzero a e (U . (1.3) 

Therefore we can always suppose 1 € M (and in the following, in most cases, we will suppose 1 is a 
.^-basis element of M). From this, Vjr[M] can be realized as the universal central extension of the 
complex Lie algebra yir[M] consisting of the linear differential operators {L^ = f^^^ dt \ ^^ ^ ^^ ^^^' 
ing on the Laurant polynomial ring L[M] =Spanc{t^ \ fJ, € M} = (C [t''^, ..., t^", (t^^)"^, ..., (t^")"^] 
if {bi, ...,bn} is a .^-basis of M (the algebra yir[M] is also called a high rank centerless Vira- 
soro algebra). As the algebra L[M] is actually isomorphic to the Laurant polynomial ring L[n] = 
(U[xi, ...,Xn,Xi ,...,x^^'^] and its derivation algebra is the Witt algebra py[n], yir[M] can also be 
realized as a subalgebra of iy[n]: 

Vir[M] = <p{xi, ...,Xn)^biXi— \ p{xi, ...,Xn) <£ L[n]> . (1.4) 

Here if we choose 6i = 1, then -^ = x^ J27=i ^i^iw ^^ general, if J27=i mibi = 1, for some rui G Z, 
then ^ = nr=i x'""" E"=i biXi^^. From this, we see that Vu:[M] = der L[M] <^ n = 1. 

Like the Virasoro algebra, yir[M] is M-graded 

vir[M]= ®viv[M]^, ym], = {lY'^^ ^/_l 

[yir[M]^, yir[M] J C Vir[M]^_,^, /i, z. G M. 

It is worth mentioning that unlike the Virasoro algebra, when n > 2, yir[M] is not .^-graded unless 
we allow the homogeneous spaces to be infinite dimensional. 

As in general, M ^ (C , the notion of highest or lowest weight modules over yir[M] will have no 
meaning unless a proper ordering on M is defined. For a different ordering, a highest or lowest weight 



module could look very different, and the weight spaces of a highest or lowest weight module over 
yir[M] are, in general, infinite dimensional. Therefore, it is a hard task to study the representation 
theory of the high rank Virasoro algebras. 

Definition 1.1. (1) For any .^-basis B = {bi, ..., 6„} of M, define 

degsfi = E"=i iT^i, for any /i = J27=i ^i^i G M, (1.6a) 

M=eM|l, m|1 = {;u G M I degs/i = i}, (1.6b) 

Vir[M] = © Vir[M]^^, Vir[MfS = © Vir[M] (1.6c) 

i£Z^ dcggfi=i 

Vir[M]''^''^ = Spaiifj {L^ \ fi = ELi ^A, mi>k,i = l, ..., n}, keZ. (1.6d) 

(2) A Harish-Chandra module over yir[M] is a module V such that 

V=qVx, Vx = {v£V \ Lov = Xv}, dimVx <oo, X e (U . (1.6e) 

Aec 

(3) A generalized highest weight module over Vir[M] is an indecomposable Harish-Chandra module 
generated by a generalized highest weight vector va such that Vir[M]gVA = for some .^-basis B 
of M. 

(4) A uniformly bounded module over yir[M] is a module V with weight spaces uniformly bounded, 
i.e., there exists some integer N such that diniVx < N for all A E (C. 

(5) A module of the intermediate series over yir[M] is an indecomposable module V such that 
dim yA < 1 for all A G (C . | 

For the Virasoro algebra, Kaplansky et al [7] classified modules of the intermediate series over 
Vir. Then Kac[6] conjectured that a simple Harish-Chandra module over Vir is either a highest or 
lowest weight module (note that a lowest weight module is a generalized highest weight module by 
our definition), or else a module of the intermediate series. 

This conjecture was partially proved by Chari et al [1], Martin et al [9], and the author [13] and 
also fully proved by Mathieu [10]. In [14], we were able to extend this result to the super- Virasoro 
algebras. In [15], we constructed and classified all modules of the intermediate series over the high 
rank Virasoro algebras and over the high rank super- Virasoro algebras. We proved that a module 
of the intermediate series over yir[M] is Aa^b, A.{a'), B{a') or one of their quotient modules for some 



a, 6 G (C,a' G (17 U {oo}, where Aa^b, ^{0''),B{a') all have a basis {x^ \ fi G M} such that c acts 
trivially (i.e., cx^ = for n G M), and 
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L^Xu = {a + iy + ^6)x^+j., 

L^x,, = (z> + /u)x^+j., z^ / 0, L^xo = /u(l + (^ + l)a')x^, (1.7) 

i/^a;,. = i^x^+u, V / -/x, L^x_^ = -;u(l + (/U + l)a')a:o, 



where ^, J^ G M, and here we use the same convention as in [14,15] that if a! = oo, then 1 + (/i + l)a' 
is regarded as /U + 1. Note that we have 

(i) Aa^b is simple <^ a^M or aGM, 67^0, 1, and (ii) yla,i = ^,0 if a M. (1.8) 

It is the aim of the present paper to extend the Kac's conjecture to the high rank Virasoro 
algebras. It is interesting to see that although the modules over Vir[M] are in general far more 
complicated than those over Vir^ nevertheless, the simple Harish-Chandra modules over Vjr[M] look 
very similar to those over Vir, i.e., we have the following main result of the present paper. 

Theorem 1.2. A simple Harish-Chandra module over Vjr[M] is either a generalized highest weight 
module, or else a module of the intermediate series. 

Remark 1.3. It is worth mentioning that although we have Theorem 1.2 for yir[M], the represen- 
tation of the generalized highest weight modules over Vjr[M] is still remaining an open problem. It 
may be possible and interesting to consider some special cases of generalized highest weight modules 
over Vir[M]. | 

Finally, we point out that we are able to employ this result to classify indecomposable Harish- 
Chandra modules over Vir[M] in [16]. 



§2. Uniformly bounded modules 

Suppose V is an indecomposable Harish-Chandra module over Vjr[M]. For a G (P, let V{a) = 
J2n£M ^M+a- Clearly, V{a) is a submodule of Vir[M], and V can be decomposed as a direct sum of 
different V{a),a G C/M, therefore we have 

V = V{a) = J2 ^M+a for some a e (U . (2.1) 

AteM 



In the rest of paper, in most cases, we will suppose n > 2, as for n = 1, Vjr[M] is simply the (rank 
one) Virasoro algebra and all the results follow from [10]. First we have 

Lemma 2.1. Let F be a simple Harish-Chandra module over Vjr[M]. Let B = {bi, ...,&«} be as in 
Definition 1.1. Suppose Vir[M]g'v = for some nonzero v ^ V and some non-negative integer k. 
Then y is a generalized highest weight module. 

Proof. Let 

i n 

b'i = Y.^k + i-j + l)hj + k J2 bj,i = 1, ..., n. (2.2) 

j=l j=i+l 

One can easily check that the determinant of coefficients of {bi \ i = l,..,n} is 1, hence, B' = 

{b[, ...,b'J is also a ^-basis of M. From (2.2), we have Vir[Mf^'''' C Vir[Mf^''\ and so Vir[Mf^°^v = 

0. Therefore w is a generalized highest weight vector and F is a generalized highest weight module. 
I 

Lemma 2.2. A simple Harish-Chandra module V over Vir[M] without a generalized highest weight 
vector must be uniformly bounded. 

To prove this result, we need the following result. 

Lemma 2.3. For any n = X]r=i "^i^j ^ -^) l^t L be the Lie subalgebra of yir[M] generated by 
A = {Ly I — 1 < deg^{iy' — n) < 1}, then there exists a .^-basis B' of M and a non-negative integer 
K such that L D Vir[M]^^,''\ 

Proof. We want to prove that there exists a .^-basis B' of M such that L D Vjr[M]^, . By replacing 

bi by —bi if necessary (this does not change the set A, neither do L), we can suppose rrii > 0,i = 

l,...,n. 

(1) If mi / 0, m2 / 0. Take 

b[ = m2/U + bi = {ii + bi) + EitV^ /" = ("iiW-2 + 1)&1 + "1-2^2 + E"=3 '>n2mibi, 

62 = mifi - 62 = (/U - 62) + Eit\~^ M = mjbi + (mim2 - 1)62 + EL3 mimihi, (2.3) 

b'i = b[ + bi = ifi + bi + hi) + E™?r' /"> ^ = 3, ..., n. 

From the expressions (2.3), we can easily solve 6j,z = l,...,n, as an integral linear combination of 
B' = {&']^, ..., 5^}. Thus B' is a .^-basis of M. We also see that {Ly | i = 1, ..., n} C L. For example. 



from 

[L^,..., [L^,L^+5j...] (m2 - 1 copies of L^) = aL^, where a= J| (i/i + 61) / 0, (2.4) 

and the l.h.s. of (2.4) is in L, we see Lj,/ € L. This proves that Vjr[M]^, , which is the Lie subalgebra 
generated by {L^/ | i = 1, ...,n}, is contained in L. 
(2) If mj = for some i,l < i < n. Say, rrii = 0. Take 

fo'i = ^ + 61, 6- = b[ + bi = fi + bi + bi, i = 2, ...,n. 

Then as above B' = {b[, ...,b'^} is a ^-basis of M and Vir[Mf^"^ C L. | 

Proof of Lemma 2.2. Let V be as in (2.1). For any /i € M, let ^ and L be as in Lemma 2.3. 
By Lemma 2.1, we see that for any ^ v (^ V, we have Lv 7^ 0, thus, Av 7^ 0. This means that 
'^-i<dcgB{u-,i)<iKer{L^\v) = 0. In particular, ©_i<dcgg(^_^)<iL^[y^_^ : Va-^ -^ ^-iKdcg^uKiVa+u 
is an injection. Therefore, dimVa-n < N, where N = J2-i<dcg v<i dimVa+u is a fixed integer. As 
/i G M is arbitrary, this proves that V is uniformly bounded. | 

Lemma 2.4. Let V as in (2.1) be a uniformly bounded module over Vjr[M]. There exists a non- 
negative integer A^ such that dimVa-\-^ = N for all /i € M, a + fi ^ 0. 

Proof. By decomposing y as a direct sum of indecomposable submodules, we see that it suffices to 
prove the result when V is indecomposable. 

If n = 1, the result follows from [9]. Suppose now n > 2. Let B = {61, ...,6„} be a .^-basis of 
M. For i = 1, ...,n, let Virj be the Virasoro algebra generated by {L/^i,- \ k € Z}. For any /i € M, 
let V{p,, i) = J2keZ '^a+fi+kbi- Clearly V{n, i) is a uniformly bounded module over Virj, therefore we 
have dim Va+fi = dim Va+^+kb^ , for all /i G M, k G Z, i = 1, ..., n, such that a + fi y^ 0,a + fi + kbi 7^ 0. 
From this, we can conclude that dim.Va+^ is a constant for all jj, G M, a + ^ 7^ 0. | 



§3. Proof of Theorem 1.2 

Now we are in a position to prove Theorem 1.2. Suppose F is a simple Harish-Chandra module 



over Vjr[M]. Then V has the form (2.1) and by Lemma 2.2 and Lemma 2.4, we can suppose V is 
uniformly bounded such that dim Va+fi = N for all fi E M, a + fi ^ 0. 

If A^ = 0, y is just a trivial module, and the result is obvious true. Therefore, we suppose N > 1. 
If n = 1, the result follows from [10]. Suppose n > 2, and by inductive assumption, we can suppose 
the result holds for any rank n — 1 Virasoro algebra. By the statement after (1.3), we can take a 
.^-basis B = {1 = bi, b2, ■■■, 6„_i, 6„ = d} of M, so 

M = Mi@Zd, Mi = Z@ i®1~2 ^bi). (3.1) 

Let Vir[Mi] be the rank n — 1 Virasoro algebra generated by {L^ \ fi E Mi}. For k € Z, let 
yik) _ J2n^Mi ^a+kd+fi, then it is a uniformly bounded Vir[Mi]-module. 

As i? is a .^-basis of M, one sees that there exists at most one k G Z such that a + kd (z Mi. 
Fix a ko such that 

a + kd^Mi for k> ko. (3.2) 

Now first we take k = /cq- By inductive assumption, the result of Theorem 1.2 holds for the rank 
n — 1 Virasoro algebra Vjr[Mi], thus there exists a simple submodule V^ '^' of V^- ' over yir[Mi]. As 
V is simple, the center element c acting on V must be a scalar, by induction on n, we can suppose 
c acts trivially on V^^'^', thus c must also trivially act on V. By (1.8), V^^'^' has the form Aa+kd,b: 
i.e., there exists a basis {x^ \ /i G Mi} of V^ '^' , such that 

Lfj.Xu = (p + fib)x^+u, /U, 1/ E Ml, (3.3) 

where, here and the following, to simplify the notation, we take the following convention, 

V = a + kd + ly, for ly G Mi (when k is fixed). (3-4) 

Furthermore, we can suppose that among all simple modules of V^ ' , V^ '^' is chosen to be one 
such that Re{b) is minimum, where Re{b) is the real part of the complex number b. We can take a 
composition series of V^^^' over Vir[Mi]: 

= yC^+i'O) c y'^''+^'^) c ... c y('=+i'^) = yC^+i), (3.5) 

such that for i = 1, ..., N, 

yik+i,i) ^y{k+i,i~i) has the form Aa+(k+i)d,b' for some 6'g(I7, (3.6) 



where b' may depend on i. Clearly we have 

LrfF^'^'i) C L^yW C V^''+^\ (3.7) 

Lemma 3.1. LdV'-'''^^ 7^ 0. 

Proof. Suppose LdV^^'^' = 0. Note that for any jj, G Mi,r7T, G .^+\{0}, L^j^md can be generated by 
yir[Mi] U {Ld\- By this and (3.3), we obtain by induction on m that L^^mdV^^'^' = if m > 0. Let 
W be the yir[M] -submodule of V generated by V^^'^h Since, as space, yir[M] = yjr[M]-^ ® VirlM]^, 
where yir[M]-|^ and yir[M]2 are the Lie subalgebra of yjr[M] generated by yjr[Mi] U {L^^} a-i^d 
respectively by {L^^md \ fi € Mi,m € Z^\{0} }, by decomposing the universal enveloping algebra 
of Vir[M] as U{Vir[M]) = U{Vir[M]^)U{Vir[M]2), we have W = U{Vir[M]^)U{Vir[M]^)V^'''^'^ = 
[/(yjr[M]^)y(^'i). From this, we obtain that W-p+rnd = if ;U € Mi, m > 0. On the other hand, W-p D 
y^ = Cx^,/i G Ml. Thus Lemma 2.4 is violated by the yir[M]-module W. This contradiction 
proves that LdV'-'''^^ / 0. I 

By (3.7) and (3.5), let iVi > be the integer such that 

Lrfy^'^'i) ^ t/, but L^y^'^'i) c [/', where [/ = yC^+i-^i), [/' = yC^+i-^i+i). (3.8) 

Furthermore, we can choose (3.5) to be a composition series such that A^i is minimum, among all 
composition series of y('^+^). By (3.6), we can take a basis {y^ \ fi G Mi} of U' /U such that 

(3.9) 
LdXy = a^y^ (mode/), for some Oi, G (L*, 1/ G Mi. 

Lemma 3.2. We have 6' = 6 or 6 — 1. Furthermore by rescaling y^^v ^ Mi if necessary, we have 

{V + hd ii h' = h, 
a, = { ^ (3.10) 

i 1 if 5' = 6-L 

Proof. For ^u, /i' G Mi, by [L^, [L^>,Ld]] = {d - fi'){d + fi' - /i)L^+^'+d and [L^+^', LJ = {d - fi - 
fJ'')L^+^'+d, we have 

{d — ^ — fi'){Lf^Lfj_iLd - Lfj^LdL^i — L^/LdLf^ + LdL^iL^) 

-{d- fi'){d + n' - fi){L^+^'Ld - LdL^+^i) = 0. 



Apply (3.11) to Xi,, by (3.9) and (3.3), we obtain (where the calculation is conducted under modC/ 
and we count the coefficients oi y^^u G Mi) 

(d - /i - ^l'){{v + d + ii'b'){v + n' + d + iib')au - (F + ii'b){v + ii' + d + nb')a^+^> 

-{u + fib){V + fi + d + fi'b')au+fj. + (V + fib)(V + fi + fi'b)a^^^j^fj_r) (3.12) 

-{d - /i')(d + /u' - Ai)((i^ + d+{fi + fi')b')a^ - (F + (^ + fj,')b)a^+f,+^,) = 0. 

Now in (3.12), (i) replacing fi' by /U, and i^ hj i' — fi; (ii) replacing fi' by — /u; (iii) replacing both fi 
and n' by — ^u, and z^ by z/ + ^u, we obtain three equations concerning a^^^, a^, a^+^i correspondingly: 

{{d - 2ii){V - 11 + d + lib'){V +d + fib') - d{d - fi){V - ^ + d+ 2^ib'))ay-^ 

-2{d -2fi){V- 1^ + i^b){v + d + ^ib')au (3.13a) 

+{{d - 2/i)(F- fi + fib){v + fib) + d{d - fi){v - fi + 2^b))ay+^ = 0, 

(y - fib){V - fi + d + fib')a,y^fj, 
-{{V + d - iJ,b'){v - fi + d + fxb') + {V + iib){v + 11 - lib) - {d + ii){d - 2fi))a„ (3.136) 

+ {V + fib){ly + fi + d- fib')a,y+fj, = 0, 

(((i + 2/i)(l7 + ^ - fib){V - fib) + d{d + /t/)(z7 + /U - 2fib))au-fi 

-2{d + 2n){v + fi- fib) {v + d- fib')a^ (3.13c) 

{{d + 2fi){V+ fi + d- fib'){V+d- fib') - d{d + fi){V + ft + d - 2fib'))ay+^ = 0. 

First suppose that the set {u € Mi \ a^ ^ Q} is finite. Then for any u G Mi, we can always choose 
fi G Ml such that a^^j-^ = and such that the coefficient of a^ in (3.13a) is nonzero. This shows that 

O;/ = for all V € Mi, and so (3.9) tells us that L^V^ '^' C U. This contradicts (3.8). Therefore, we 

must have that 

The set {ly e Mi \ a^ ^ 0} is infinite. (3.14) 

This means that for any i' € Mi, there exist an infinite number of /i G Mi such that the determinant 
of coefficients of a,y-fj,,au,au+fj. in (3.13a-c) is zero. Denote this determinant by A(p,fi,). As A(I7, ^u) 
is a polynomial on fi (when u is fixed), this shows that for any u G Mi, D{V,fi) = for all fi & (U . 
Similarly as D{V,fL) is also a polynomial on V (when /i is fixed). Thus, we have 

D{V, fi) = for all i^, fi e (U . (3.15) 



By a little lengthy calculation (or simply using a computer), we obtain 

D{V,fi) = {h' -b){l + h' - h)fi^ X 

(4d(3(6 + h'f -7b- 56' + 2)17 

+4(6 + 6')((6 + 6')^(6 - 6') - 2(6 + 6')(6 - 26') - (6 + 56') + 2)//^ (3.16) 

+£{-{b + b'f{b - 6') - 2(6 + 6')(62 + 366' + 46'^) 
+1962 + 3466' + 196'2 - 246 - 166' + 4)) 

By (3.15), (3.16), we can solve that 

b' = b, or 6' = 6 - 1, or 6 = 1, 6' = -1, or 6 = 0, 6' = 1, or 6 = 2, 6' = 0. (3.17) 

(1) If 6' = 6 or 6' = 6 — 1. It is straightforward to verify that (3.10) is a solution to (3.13a-c). Note 
that the determinant of the coefficients of Ojy-^ and a^ in (3.13a&;b) is non-zero. This means that 
we can solve aj^-^ and a^ in terms of ajy+^, thus the solution to (3.13a-c) is unique up to scalars. By 
rescaling y^^u ^ Mi if necessary, we can suppose that the solution to (3.13a-c) is unique. 

(2) If 6 = 1, 6' = —1. By (1.8), Aa+kd,i — ^a+kdfl, by our choice of 6 such that Re{b) is minimum, in 
this case, we should have 6 = 0. Thus this becomes a special case of (1). 

(3) Suppose 6 = 0, 6' = 1 or 6 = 2, 6' = 0. Again from Aa+kd,i — ^a+kd,o, we can choose 6' to be or 
1, so that this becomes a special case of (1). This completes the proof of the lemma. | 

Lemma 3.3. If 6' = 6 — 1, then {L^Xu \ v € M\\ generates a simple submodule W of y^^^^i . 

Proof. We need to prove in (3.8), A''i = 0, i.e., C/ = 0. Suppose C/ 7^ 0. Take a composition series 

off/: 

= f/o C C/i C ... C f/ivi = v. (3.18) 

Taking a basis {^Zy \ v G M\\ of U /Uni-i, and replacing y^ by L^Xy, u G Mi, by (3.3), (3.9) and 
(3.10), we now have 

L^,Xy = {V + iib)x^+y, LdXy = yy, 

/i,z^GMi, (3.19) 

L^,yu = {i^ + d + fi{b- l))y^+u + c^^uZ^^+v, L^Zy = {u + d + nb")z^+^ 



Vvi 



for some b"^c^^u £ ^ (such that co,jy = 0), where, here and below, the calculation is conducted 
under MocIUn^-i. If c^^jy = for all ^, J^ € Mi, then (3.18) and (3.19) tell us that we can choose 

a composition series (3.5) of V^^"^' with U replaced by Un^-i, this, contradicts our choice of A^i 
being minimum. Thus c^^y 7^ for some fi^f ^ Mi. If necessary, by a suitable choice of basis of Mi 

10 



in (3.1), we can suppose Cjdi,v / for some j,i, u. Without loss of generality, we can suppose i = 1, 
i.e., dj = 1, thus 

Cj^^/O for some j e Z,fie Mi. (3.20) 

From (3.19), we obtain (we simply denote ci^jy by c^) 

Li+dXv = -^[Li,Ld]xt, = yi,+i + -^Zy+i, 

Vu = LdXy = -^[L^i,Li+d]xu = 

Vu + d^{c-i^u+i - dhi(P - b)cu-i -iV+l + d-b")c^))z^, 

2(V + d)yu = [L_i, Li]yj, = 

2(17 + d)yu + {(V + d + b- l)c-i^u+i + (V + 1 + d - h")cy 

-(v + d-b + l)cu-i -{V-l + d + b")c^i^^)zy. 

By the second and the third equations, we obtain, for v € Mi, 

c-i,u = dhiO^ ~ 1 -^)c;.-2 - {V+d-b")c,y^i), 
{V + b){V+l + d- b")c^ - (2172 ^ (2d - 1)17 - d + b" - 6"2 - 62 + i)c^_^ (3.22) 

+ {V+d-l + b"){V - 1 - fe)c^_2 = 0. 

Similarly, we have 
L_i+dXu = -^[L^i,Ld]xy = yy^i + (rf+i/(rf_i) ((t^- 1 -b)cu-2 - {v + d -b")cu-i)Zy-i, 

L2+dXu = -dr2[L2,Ld]Xi, = y^^2 + -dr72C2,uZu+2, 

L2+dXu = 2[Li,Li+d]xv = yu+2+ d(d-^i) ((^ + l + d + b")cu - {V + I + b - d)cu+i)zu+2, {^■'2.3,) 

Li+dXv = ■^[L2,L_i+d]Xv = yu+l + -dT^{c2,u^l + (d+l){d~l) (((^ ~ 1 -^)Ci^-2 

-{V^-b")cu^i){V-l + d+2b")-{V+2b){{V+l-b)cu-{V+2 + d-b")c^+i)))z^+i. 

From this, we obtain 



C2,v = d(Hj((^ +l + d + b")cu -{V+b-d+ l)c^+i), 

d(z7-l + 26)(l7+l+(i-6")c^-(dI72 + (d2 + (6-2)(i-2)!7+(6-2)d2-262d+2-26)c^_i 
-{dv^ + {d^ + (6" - 2)(i + 2)F - (i2 _ (26"2 - b" - 3)d + 26" - 2)c^_2 

+d(F -2-6)(F-2 + d + 26")c^_3 = 0. 



(3.24) 



Now from (3.22) and (3.24), we can eliminate Cu-i,i = 1,2,3, as below to obtain p{v)cy = 0, 
where p{v) is a polynomial on V: if we simply write the second equations of (3.22) and (3.24) as 
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J2J=o Si{'^)cu-i = and J2hoiii^)cu~i = 0, by taking 



ui{v) =d{V-l + 2b)siiv) - {V+b)ti{v), 

U2{V) =d{V-l + 2b)s2{v)-{V+b)t2{v), (3.25) 

U3{u) = -{V+b)ts{u), 



we can iliminate Cjy to obtain J2i=i '^i{^)cu-i = 0; by taking 

i;i(F) = (F - 2 - d + b")ui{v) +d{v-2 + d + 2b")(v + b)so(v - 1), 
V2{V) = {V-2-d + b")u2{'P) +d{V-2 + d + 2b")(V + b)si(V - 1), 



(3.26) 



we can iliminate c^s to obtain 

vi{v)c„^i + V2{l7)c^^2 = 0; (3.27) 



by taking 



woii^) = so{iy)v2{i^), 

wi{V) = si{V)v2{V) - S2ily)vi{V), 



(3.28) 



we obtain 



Finally by taking 



wo(^)cjy + wi{u)cu-i = 0; (3.29) 



p{i^) = vi{i^ + l)wi{i') - V2ii' + l)wo{i'), (3.30) 

we obtain p{v)ci, = 0. Now we claim that c^ = for all i' € Mi. If not, from (3.22), we see that 
there must be an infinite number of i' such that c^ ^ 0, and such that p(v) = correspondingly. 
Thus p{v) = for all z/ € (C. From above, by a lengthy computation or using a computer, we have 

p{v) = -d{d + l){b" - b){b" -b-l){u + b){u + d-l + b"){poV'^ +P1V + P2), (3.31a) 

for some Po,Pi,P2 G (^ , where Po = (b + b")(b + b" — 1), and pi can be written as 

p^ = p[pQ - 2(36"^ - 3b" - l)bd - 2(36"^ - 46"^ - b" + l)d, (3.31b) 

for some p'^ G 07 . Thus we can solve 6" = 6 or 6" = 6 + 1 or 6 = ±1, b" = + 1 or 6 = 1, b" = 0. 
(1) Suppose b" = b. By the second equation of (3.22), (3.27) and (3.29), we get 

c^ = c^_i,zyeMi. (3.32) 
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From this, by (3.22) and (3.24), we get 

a — 1 

for i = 0, ±1,2. Now using [Li,Lj_i] = (i — 2)Lj, [L_j+i,L_i] = (i — 2)L_j, applying them to y^, 
using induction on i, we obtain that (3.33) holds for all i G Z. Applying [Li,Lj] = (j — i)Lij^j to 
yi,-, we can finally obtain c^ = 0. 

(2) Suppose b" = b + 1. As in (1), we can obtain in this case 

c^,u = '^^~^^ (V + (26 + l)d + i{b + 1))4, (3.34) 

where c^ = c^_i for i' € Mi. Again, we can get cj^ = 0. This proves that Cu = for all u G Mi. 

(3) Suppose b = ±1, b" = +1 or 6 = 1, b" = 0. As above, we have 

'^'^ - u{u+l) ' ^'^'^ Cj,,, - ^_-^ -(-_^.^ , It 0-1,0 - -i, 

Cu = {V - d){V + d+l)c'i„ and Q^^ = ""^^^i iy - d){V + d + i)c'^, if 6 = -l,6" = l, 

where c^ = c(^_i, i^ € Mi. Again, we can obtain c^ = 0, thus Cu = for all z^ G Mi. 

In all cases, by (3.22) and (3.24) and by induction, we obtain that Ci^u = for all i G Z, v G Mi. 
This contradicts (3.20). This completes the proof of the lemma. | 

Lemma 3.4. If b' = b, then {L^Xu \ v G Mi} generates a simple submodule W of y('^+^). 

Proof. First suppose F + 6d 7^ for all v G Mi. In this case, as in the proof of Lemma 3.3, we can 
replace yu by -\, L^x,y. Then we have the first and last equations of (3.19) and 

LdXu = (F + bd)yu, L^yi, = {V+d + nb)y^+^ + c^,uZ^+v, /x, z^ G Mi. (3.35) 

Now the proof is exactly analogous to, though more involved than, that of Lemma 3.3. Thus we can 
obtain 

(l7-l + (d+l)6)c_i,^ = ^((F-l-6)(F-2 + 6d)c^_2 - {V-l + bd){V+d-b")c^.i, 

^o (3-36) 

{v+bd)c2,u = -3^r^{(P+bd)(17+l+d+b'')Cu-i{V+b)(U+l+bd)-{d-l)(17+{d+l)b))cu+i). 
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Similarly, we have p{u)cu = for some polynomial p{u). Use a computer's help, we can compute 
p{v) and find out that piv) 7^ 0. This forces Cjy = 0. 

Suppose now there exists vq G Mi such that Vq + bd = Q. In this case, we must have & 7^ 1, 
otherwise by (3.3), = Vq + hd = a + {k + l)d + uq, a contradiction with (3.2). Now we take 

V'' = vTbd^dXu liy t^uq and take y^^ = vo-i+d+b ^'^V^'o-'^ (^^ ^^^^ V^-l + d + h = -l + d + h-hd = 
{d — 1)(1 — 6) 7^ as by (3.1), d 7^ 1), then we have (3.35) with the first equation replaced by 

LdXv = {y + bd)yu + Su,uoCZu, v G Mi, (3.37) 

for some c G (C. By our choice of y^^^ we have c,y„_i = Ci^jy^^i = 0. Now we can proceed as above to 
prove that c,y = for all v G M\ and that c = 0. | 

By Lemma 3.3 and Lemma 3.4, we can now let y('^+^'i) be the simple Vjr[Mi]-submodule of y('^+^) 
generated by V^^-'^i . Now we claim that h' = b. If not, by taking d' = —d, and considering L^/V^^'^^'^' . 
Following exactly the same arguments as before, we then have a simple Vjr[Mi]-submodule V'^ '^' of 
y('^), such that Lrf/y ('=+!'!) C F'^'^'^) and F'^^^'i) ^ Aa+kdM "^^^^ bi = b' or bi = b' - 1. In particular, 
Re{bi) < Re{b). This contradicts our choice of b that Re{b) is minimum. Therefore b' = b. Now for 
i = 1,2, let y('^+*'^) be the sum of all simple Vjr[Mi]-submodules of V^ '^^' which are isomorphic to 
Aa+(k+i)d,b: then the above arguments show that LaV'^''''^^ C V^''^'^'^^ and that L^dV'^^'^^'^^ C V^''''^\ 
Suppose 1/^^'+*'^) has Tj composition factors (i = 1, 2), then by Lemma 3.1, we must have ri = r2 = r. 

Now choose a suitable basis {x)j \ v G M\,i = 1, ...,r} of V^ '^' such that Xq is an eigenvector of 
L^dLd, and such that 

L^X^ = (F + nb)X^+^,fi, zv G Ml, (3.38) 

where, X^, = (xl , ...,Xu Y for v G Mi. Lemma 3.2 allows us to choose a basis {yu \ v G ^x-,^ = 
l,...,r} of y^'^+i'^) such that 

L^Yjy = {V + d + fib)Y^+i,,fi,i^ e Ml, 

(3.o9j 
LdX^ = {v + bd)Y^,ueMi, 

where, Y^, = {yl , ...,yv Y for u G Mi. Now suppose L^dYv = A^Xy for some r y. r complex matrix 
Ay, V G Ml. Then as in the proof of Lemma 3.2, we can solve that Ay = (y + d — bd)A, where A is 
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a constant (matrix). Therefore we have 

L^dLdXu = {v + hd){v + d- bd)AX^. (3.40) 

Since Xg is an eigenvector of L^dLd, the first row of A can only have a non-zero element in the 
first position. Thus if we now choose y(^'^) = Span^ {xu \ v G Mi), then (3.40) tells us that 
L^dLdV C V^ '^' . Now let's start from k = ko and choose V^ '^'^' as mentioned. By induction 
on A; > ko, we can choose V^^'^' to be the simple yir[Mi]-submodule generated by LdV^'^^^'^' . Using 
L_^L^F(''0'^) C ^(''O'l), by induction on m, we have LmdV^'''^^ C \/(^+™'i) for m,k e Z such that 
k > ko, k + m > ko- Since y is a simple module, it must be generated by yv'^'"'^). However, we have, 
by the arguments similar to the proof of Lemma 3.1, diniVa+u+kd = 1 for u G Mi, k > /cq- Thus by 
Lemma 2.4, V must be a module of the intermediate series. This completes the proof of Theorem 
2.2. 
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